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Introduction & Background

The behavior of the bead will vary as it travels along the hoop, the
dependent factor being the hoop’s angular velocity.

Figure: Hoop Diagram
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Forces Diagram
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Frictionless Introduction

» Acceleration
» Forces

» 'Fictitious' Force - Centrifugal Force -
» Gravitational Force -
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Frictionless Calculations

Begin with Newton's Equation

ZF:ma

Substitute in Forces and Acceleration

d*¢

— s sin ¢ cos ¢ =
mg sin ¢ + mrw? sin ¢ cos ¢ = mrdt2
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Making Equation Dimensionless

Introduce new variable 7, 7 = t/T. d7/dt =1/T.
Taking the derivative of ¢ with respect to time we get

d¢_d¢d7=>d¢>1
dt  dr dt dr T

We then take the second derivative of ¢ with respect to time

¢ d (do d (1dé
W—E(E);‘z(?a):‘

2 2
d<1d¢)drz>1d¢1 1 d2¢

—_ —_— —_ ___é__
dr \Tdr ) dt Tdr2 T T2 dr2
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Frictionless Calculations Cont.

Replace Z—i? with 712 ‘:,2‘725
1 d?%¢
— mgsin ¢ + mrw? 5|n¢cos¢_mrT2d 5 (1)

Divide through by mg and let T equal b/mg

—sing + (%2) sin¢cos¢p = (m;gr) %

Introduce v and ¢

d*¢

—sm¢-|—'ysmqbcos¢)—£d 5
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Frictionless Equilibrium Solutions

Two equilibrium solutions

Figure: Two Equilibrium Solutions.
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Frictionless Equilibrium Solutions

Potential for three equilibrium solutions

Figure: Three Equilibrium Solutions.
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Frictionless Examples

Velocity




A Bead on a Rotating Hoop
L Frictionless
L Examples

Frictionless Examples Cont.
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Frictionless Examples Cont.
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X 10_3 y:].OOOOO
5 L
=
3 0
(V]
>
_5 L

1.5708 1.5708 1.5708 1.5708
o



A Bead on a Rotating Hoop
L Friction
L Introduction

Friction Introduction

» Acceleration
» Forces

» 'Fictitious’ Force - Centrifugal Force -
» Gravitational Force -

» Friction
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Friction Calculations

Pick up where we left off on Equation (?7?)

— mgsin ¢ + mrw? sin ¢ cos ¢ = mriﬁ
g = T2 d2
Introduce friction
b do 1 d%6

— ——2 — mgsin¢g + mrw?singcosp = mr

T dr T2dr?
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Friction Calculations Cont.

Divide through by mg and sub in b/mg for T
d¢ . rw?\ . m2gr\ d?6
—(1)E—S|nd)+(?>sm¢cos¢: (7 P
Introduce v and € again

2
6% = —% — sin(¢) + v sin(¢) cos(¢).
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Friction Equilibrium Solutions

To find the Equilibrium Solutions we deal with the first ODE.
bdp/dt = —mg sin(p) + mrw? sin(¢) cos(¢)

We then set ¢’ equal to 0 and factor

mg sin(9) (—1+ " cos(0)) =0

Setting the first part equal to 0

mgsin(¢) =0

This happens at 0 and 7
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Friction Equilibrium Solutions Cont.
Setting the second part equal to 0
rw2
-1+ s cos(¢p) =0

Solving for ¢ we get

¢ = +cos? (i>

rw?

Subbing « back in we get

¢ = +cos™? (l>
~

This creates another equilibrium solution, but it is not in a specific
position
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Friction Equilibrium Solutions Cont.

Two obvious Equilibrium Solutions

Figure: Two Equilibrium Solutions.
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Friction Equilibrium Solutions Cont.

Potential for Three Equilibrium Solutions

Figure: Three Equilibrium Solutions.
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Friction Examples
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Supercritical Pitchfork Bifurcation

» ~ < 1, Equilibrium Solution at 0
» ~ > 1, Equilibrium Solution 0 < ¢ < 7/2

> )= + cos! (%)



A Bead on a Rotating Hoop
LSupercritical Pitchfork Bifurcation

Supercritical Pitchfork Bifurcation Cont.

Supercritical Pitchfork Bifurcation
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